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The results of molecular dynamics simulations for a soft sphere model of highly asymmetric electrolyte solutions
containing macroions and counterions are presented. The macroions carry a negative charge of 12 or 24
elementary charges and the solutions contain monovalent, divalent or trivalent (zc ) +1, +2, or +3) counterions.
The size ratio between macroion and counterion was chosen to be about 5:1 and 7:1. From analysis of both
static and dynamic properties we propose a mechanism for the observed formation of clusters between equally
charged macroions in these solutions.
1. Introduction
Aqueous solutions of charged colloids, surfactant micelles,
and polyelectrolytes play an important role in our everyday life.
Experimental evidence suggests that charged macroions are
stabilized by electrostatic forces, and it is usually assumed that
the Deryaguin-Landau-Verwey-Overbeek (DLVO) theory1,2
is applicable to these systems. In this theory the interaction
potential acting between a pair of macroions is written as the
sum of the repulsive screened Coulomb potential and the
attractive van der Waals interaction. Accordingly, in the absence
of van der Waals forces the interaction potential between equally
charged macroions can only be repulsive. The theoretical and
some experimental studies performed in the last 25 years (for
reviews see refs 3-7), indicate that strong interactions between
macroions and counterions lead to instability, which is not
accounted for by the classical DLVO theory. While there is
considerable experimental evidence of electrostatic attraction
between cylindrical particles surrounded with multivalent
counterions,8-11 direct evidence of such an interaction between
spherical macroions has only been presented recently.12 The
large number of papers published in the past few years13-32
reflect interest in the nature of macroion-macroion interactions
in polyelectrolyte solutions and the importance of this subject
for science and technology.
In previous papers13,19 we published Monte Carlo results for
solutions of highly asymmetric electrolytes where macroions,
possessing a charge of 20 or 12 negative elementary charges,
were neutralized with monovalent (zc ) +1), divalent (zc )
+2), or trivalent (zc ) +3) counterions. The numerical results
indicated that the valency of the counterions plays an important
role in determining the structural and thermodynamic properties
of these solutions. For example, when monovalent counterions
are replaced by divalent ones,13 the macroions approach each
other; and in the case of trivalent counterions, the probability
of finding two macroions at contact is highest.19 These data are
clearly inconsistent with the classical DLVO theory.2 In
subsequent studies solutions where mixtures of mono- and
divalent (or mono- and trivalent) counterions were examined,20,29
it was demonstrated that the structure of the solution, as reflected
in the macroion-macroion pair distribution functions, gradually
changes from repulsive in solutions with only monovalent
couterions to attractive in solutions where trivalent counterions
are present in excess. The effects of addition of simple salts or
a neutral component to solutions with divalent and trivalent
counterions were also evaluated.21,22
Solutions with higher asymmetry in size and charge (60
elementary charges on a macroion) were examined by Linse
and co-workers.16,23,24,30,31 In particular, Linse and Resˇcˇicˇ24,30
studied a model system of highly charged spherical macroions
and point counterions by means of Monte Carlo simulations.
The effects on the structure of varying the counterion and
macroion charge, the dielectric constant of solution, and the
macroion concentration were examined. The conclusion of these
studies was that at higher electrostatic coupling the system
becomes unstable and eventually separates into two phases. The
binodal curve was determined and the critical point was
estimated.30
Despite considerable progress in this area of research, the
actual mechanism of cluster formation is still not well under-
stood. So by far most of the information about the structure
and thermodynamics of these systems came from Monte Carlo
simulations. In the present work we decided to study solutions
of highly asymmetric electrolytes by the molecular dynamics
(MD) method. In addition to structural properties, which can
also be obtained from Monte Carlo simulations, MD simulations
can also provide information about the dynamics of the particles
in solution. Another difference from our previous studies13,19
is that the ions are modeled as soft and not as (charged) hard
spheres. Such systems of macroions and counterions with a
charge ratio -12:+1 (+2, or +3) and -24:+1 (+2, or +3)
were studied at two different macroion concentrations, i.e., for
cm ) 0.001 and 0.005 mol/dm3.
The paper proceeds as follows: in the next section entitled
Model and Methods we will briefly describe the interaction
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model and the simulation methodology before we turn to the
analysis of the data (see Results). The paper concludes with a
Discussion.
2. Model and Methods
In the present calculation the interaction potential between
two particles of species i and j is given by
Here r is the distance between the particles, za is the valency of
an ion of type a, and e is the proton charge. The indices a and
b stand for macroions (m) and counterions (c). The correspond-
ing valencies were zm ) -12 (set I of parameters in Table 1)
or -24 (set II), and zc ) +1, zc ) +2, or zc ) +3. As usual,
the solvent is considered as a continuum with a dielectric
constant, r, equal to that of bulk water at T ) 298 K (r )
78.5).
The term uab
sh(r) in eq 1 is a short-range potential for
composite spheres as proposed by Henderson and Chan.33 Their
rather complicated expression, which will not be repeated here,
was obtained from the integral of the Lennard-Jones potential
over the two spheres of radius a and b. The two spheres were
considered to be filled by a homogeneous distribution of
Lennard-Jones sites with parameters  and ó. In the calculation
we considered the two sets of parameters presented in Table 1.
The short-range potential functions uab
sh(r) are shown in Figure
1. In this figure the counterion-counterion, counterion-macro-
ion, and macroion-macroion short-range potentials are shown
from left to right. The effective radius of the particles is usually
determined by the balance between Coulomb and short-range
interactions. However, a convenient measure for the radius of
the particles is the distance at which the short-range potential
crosses zero. On the basis of this measure, the counterion radius
is 2.4 Å in both parameter sets I and II. The radii of the
macroions are 10.9 in parameter set I and 16.8 Å in parameter
set II. Note that with these values the macroions described by
the second set of parameters (II) possess a smaller surface charge
density compared to the macroions described by set I.
Most of the results presented here were obtained by standard
molecular dynamics (MD) simulations in the microcanonical
ensemble. The MD simulations were carried out at room
temperature for systems consisting of 64 macroions and the
equivalent number of mono-, di-, and trivalent counterions. The
mass of the particles was set arbitrarily to 20 and 200 amu for
the small and large spheres, respectively. Constant temperature
was maintained through a Berendsen thermostat34 with a time
constant of 5 ps and Newton’s equations of motion were
integrated with a time step of 0.01 ps. Data acquisition was
performed over periods between 5 and 10 ns. In several cases
the MD simulation data were supplemented by the Monte Carlo
results. The Monte Carlo simulations were performed for the
canonical ensemble (at constant volume and temperature) with
64 (or in some cases 128) macroions and an appropriate number
of counterions to ensure electroneutrality. Averages were taken
over 50-70 million configurations with at least 5 million
configurations spent for the equilibration. In all cases (MD and
Monte Carlo simulations), the Ewald summation method35 was
used to account for the effects of a finite number of particles.
More details concerning the Monte Carlo method are given in
our previous papers.13,19 We note in passing that computer
simulations do not contain the usual statistical-mechanical
approximations. In this way the results presented here are free
of assumptions inherent to the ad-hoc theories designed to
explain deviations from the DLVO theory.
3. Results
3.1. Pair Distribution Functions. We begin the discussion
by considering the structural features as reflected in the pair
distribution functions. In Figure 2 we show the macroion-
macroion (gmm), macroion-counterion (gmc), and counterion
counterion (gcc) pair distribution functions (pdfs) for the -12:
+1 electrolyte solution at macroion concentration cm ) 0.001
mol/dm3. Symbols represent the MC data, while lines connect
the MD results. Agreement between the two sets of calculations
obtained for the same potential function (eq 1) is very good.
The same is true for the -12:+3 electrolyte solution, shown in
Figure 3; the value of the gmc(r) peak (off scale) is 485. For
solutions with trivalent counterions (zc ) +3), the shape of the
macroion-macroion pdf indicates an effective attractive interac-
tion between the like-charged macroions. We may therefore
conclude that the MD and Monte Carlo results for the charged
soft spheres confirm our earlier Monte Carlo calculations
performed for the primitive model (charged hard spheres).19
Figure 4 presents the macroion-macroion pdfs in solutions
with the mono-, di-, and trivalent counterions at cm ) 0.005
mol/dm3 and for zm ) -12 (top), and zm ) -24 (bottom). The
results clearly show pronounced maxima for the -24:+3 and
-12:+3 electrolytes, which are absent in the cases where the
counterions carry a smaller charge.
3.2. Cluster Analysis. To investigate the process of macroion
cluster formation in more detail, we first performed an analysis
of macroion-counterion association. For this purpose we
defined a “shell” (spherical domain) around a given macroion:
a counterion belongs to the particular macroion if it is found to
be within a shell, i.e., within a distance of rc (rc ) 20 Å) from
TABLE 1: Potential Parameters of the Short-Range
Potentiala
set pair a/Å b/Å ó/Å /10-23 J
I big-big 10.0 10.0 4.0 0.0005
I big-small 10.0 1.0 4.0 0.01
I small-small 1.0 1.0 4.0 1.0
II big-big 15.9 15.9 4.0 0.000333
II big-small 15.9 1 4.0 0.008
II small-small 1 1 4.0 1.0
a The macroion charge is -12e for set I and -24e for set II.
Figure 1. Short-range part of the pair potential ush/kBT, T ) 298 K,
for parameter set I (a) and II (b) in Table 1. The curves from left to
right are for counterion-counterion, macroion-counterion and mac-
roion-macroion interactions.
uab(r) ) uabsh(r) +
e
2zazb
4ð0rr
(1)
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the macroion center. This somewhat arbitrary value was chosen
on the basis of the macroion-counterion distributions. While
the pdf itself does not exhibit a well pronounced minimum, the
number of counterions in a spherical shell around a macroion,
Fc(r)4ðr2 dr, exhibits a clear minimum in the range from 20 to
25 Å (for model I). We thus chose a rather strict definition.
Note that a counterion can belong to more than just one
macroion; in other words, it may participate in several “shells”.
Figure 5a shows the probability distribution of the number
of counterions Nc within shells around macroions for model I
at cm ) 0.005 mol/dm3. For the -12:+3 electrolyte the
maximum of this distribution is at 4, which corresponds to a
fully neutralized macroion. For the -12:+1 electrolyte and the
-12:+2 electrolyte, the maxima are also found to be around 4.
In these cases, however, the macroion (plus related counterions)
has a net negative charge, since 12 monovalent or 6 divalent
counterions are needed to neutralize any given macroion.
Actually, no fully neutralized macroions were observed for the
-12:+1 electrolyte under these conditions and only a few for
the -12:+2 case. It is quite obvious from these results that the
tendency of macroions to form clusters is closely associated
with the ability of counterions to neutralize the macroion. Figure
5b shows the same distributions for a smaller cutoff value, i.e.,
for rc ) 15 Å. Obviously, the Nc distributions are shifted toward
smaller numbers of counterions, but the basic features are the
same as before. At the lower electrolyte concentration (cm )
0.001 mol/dm3) the trends are similar but the average number
of counterions is slightly lower than for cm ) 0.005 mol/dm3
for all counterion charges.
In the next step, we may define two macroions as bonded
when they have at least one common counterion in their shell.
We then define a cluster of macroions as the connected set of
macroions bonded directly or indirectly (via an another mac-
roion) to each other. Figure 6 shows on a logarithmic scale the
probability distribution of the number of macroions in the
clusters (as defined above) for the three different counterion
Figure 2. Macroion-macroion (a), macroion-counterion (b), and
counterion-counterion (c) pair distribution function for a -12:+1
electrolyte, cm ) 0.001 mol dm-3. Lines are for the molecular dynamics
results and points are from Monte Carlo calculations.
Figure 3. Same as for Figure 2, but for a -12:+3 electrolyte solution.
Figure 4. Molecular dynamics macroion-macroion pdfs for (a) -12:
+1 (dotted), -12:+2 (dashed), and -12:+3 electrolyte (solid line) and
(b) for -24:+2 (dashed) and -24:+3 electrolyte (solid line) all at the
macroion concentration of 0.005 mol/dm3.
Figure 5. Distribution of the number of counterions in a macroion
shell for -12:+1 (short dashes), -12:+2 (long dashes), and -12:+3
electrolyte (solid line) at a macroion concentration of 0.005 mol/dm3.
Data apply to two different cutoff values: rc ) 20 Å (a) and rc ) 15
Å (b).
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valencies at cm ) 0.005 mol/dm3. In all cases the maximum of
the distribution corresponds to isolated macroions (which is not
shown here). For the -12:+2 electrolyte few macroion pairs
(clusters consisting of 2 macroions) and even very few clusters
with 3 or 4 macroions are observed. In the -12:+3 case more
pairs and also larger clusters of up to 10 macroions are formed
(however, with very low probability), which leads to the
formation of a second maximum in the macroion-macroion
distribution in Figure 4. Clearly, the change in the distribution
of cluster size with increasing counterion charge is consistent
with the observation of an increasing maximum in the macro-
ion-macroion pdf.
In Figure 7 the probability distribution of total cluster charge
is shown for the same three cases. The total cluster charge is
defined as the sum of the macroion and counterion charges in
the cluster. For solutions with monovalent counterions (-12:
+1), where no clusters are formed, this distribution is essentially
the same as the distribution of the number of counterions in
the counterion shell (Figure 5), shifted by the macroion charge
(-12e). The most probable cluster charge for clusters containing
divalent counterions is -4e and only a few neutral clusters are
observed. In contrast, in the case of trivalent counterions the
distribution of the cluster charge peaks for neutral (net charge
is zero) clusters.
We can go one step further in our analysis and consider the
charge distribution of various cluster types; monomers (Figure
8a), dimers (two macroions in a cluster; Figure 8b), and trimers
(three macroions; Figure 8c) in the -12:+3 electrolyte. The
monomers and the pair and triplet clusters are the predominant
“species” in the solution. Isolated macroions are most likely to
be fully neutralized by counterions or may have a residual charge
of -3e. Few positive (overcharged) macroions exist. The
probability of neutral and 3-fold negative macroion dimers is
approximately the same, and again few positive clusters occur.
This behavior is consistent with the following interpretation:
Most macroion pairs are formed either by combining 2 neutral
species or one neutral and one 3-fold negative species. Neutral
and positive species, or negative and positive species, can also
combine to form a pair of macroions but do not contribute much
to the total. A similar argument holds for the formation of the
much less frequent triplet clusters.
3.3. Dynamic Properties. From the MD results several
dynamic properties can be analyzed. Here we limit our analysis
to diffusion coefficients of the macroions and counterions and
to lifetimes of various clusters in the solution. It should be noted
that these properties depend to some extent on the chosen
masses. More precisely, the absolute values of the diffusion
coefficient depend on the masses; however, the trends and ratios
provide meaningful insights into processes in the electrolyte
solution.
Table 2 summarizes the diffusion coefficients as calculated
from the mean square displacements of ions via the Einstein
relation for some of the studied systems. We note that at both
Figure 6. Size-of-cluster distribution for -12:+1 (a), -12:+2 (b),
and -12:+3 electrolyte (c); rc ) 20 Å, and cm ) 0.005 mol/dm3.
Figure 7. Charge-of-cluster distribution, notations as for Figure 6.
Figure 8. One-macroion (a), two-macroion (b), and three-macroion-
cluster (c) charge distribution for a -12:+3 electrolyte, cm ) 0.005
mol/dm3.
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concentrations the monovalent counterions are substantially
more mobile than the larger macroions. The self-diffusion
coefficients of the counterions are 5-10 times larger than those
of the macroions. In contrast, solutions containing trivalent ions
exhibit similar diffusion coefficients for both species, indicated
by the ratio Dm/Dc being around 1. Obviously, the trivalent ions
are slowed due to the formation of neutralizing shells and
clusters. We further note that self-diffusion coefficients decrease
with increasing concentration, as expected.
In the cluster analysis above we defined the counterion shell
around a given macroion as all those counterions that are within
20 Å from the macroion. We can calculate the residence time
ôc of a counterion in the shell of any macroion in a straight-
forward manner. Similarly, we can calculate the residence time
ôcluster of a macroion inside a macroion cluster (containing 2 or
more macroions). Finally, we can calculate the average time
that a macroion spends between leaving a cluster and becoming
a member of the same or of another cluster, ôfree. We summarize
these residence times for the macroions of charge -12e and
for cm ) 0.005 mol/dm3 in Table 3. In line with expectations
based on the cluster size distribution, the lifetime of a free
macroion ôfree decreases with increasing counterion charge (and
increasing cluster formation), whereas the residence time of a
macroion ôcluster in the cluster increases along the same direction.
In the case of trivalent counterions both lifetimes become
approximately the same, consistent with the more extensive
cluster formation observed under these conditions.
Finally, we note that in the cluster forming solutions (-12:
+3 and -12:+2) the residence time of counterions in the
macroion shell is substantially larger than the cluster residence
times and the lifetimes of free macroions. This indicates that
there are almost no free counterions in the solution and that the
macroion-counterion “bond” is more stable than the macroion-
macroion “bond”. This can also be seen from snapshots (not
shown here) and animations of the MD calculation.
4. Discussion
From the analysis of cluster structures and dynamics the
following picture emerges: With increasing counterion charge,
the ability of counterions to neutralize a macroion increases. In
the -12:+1 solution no neutralized macroions exist and no
cluster formation is observed. In the -12:+3 solution a large
fraction of neutralized macroions exists and cluster formation
is substantial. The -12:+2 solution is an intermediate case. The
residence times indicate that the macroion-counterion “bonds”
are more stable than the macroion-macroion “bonds”.
We can thus cast this interpretation for the trivalent counterion
case into quasi-chemical equilibrium in the following way: First,
neutral or almost neutral precursors are formed out of a single
macroion and counterions
where K1 and K1′ are approximately equal, according to Figure
8. The fact that the counterion residence times are always larger
than the cluster residence times justifies this precursor inter-
pretation. In analogous equations for the monovalent case, K1
would be much smaller (in fact, no neutral macroions are
observed). As a consequence, the precursor cannot form. This,
in turn, prevents the formation of dimers and higher clusters.
The precursors may combine to form dimers
and
Figure 8 indicates that K2 and K2′ are approximately the same.
Analogous equilibria for divalent and monovalent counterions
are shifted to the left, indicating that the equilibrium constant
K2 is much smaller in the latter cases.
We performed a similar analysis for solutions of larger
macroions with a higher charge (-24 e) and for divalent and
trivalent counterions (parameter set II in Table 1). The macroion
surface charge density in this case is about 16% smaller than
for parameter set I. Again, we observe substantial cluster
formation for trivalent counterions, but almost no macroion
clusters are found in solutions with divalent counterions. Some
exploratory studies at even higher macroion surface charge
density lead, in agreement with previous studies,24,30 to complete
coagulation of the system when multivalent counterions are
present. Thus, the surface charge density on the macroions is
an important parameter driving cluster formation.24,30
In summary, our molecular dynamics simulations indicate that
the formation of clusters between like-charged macroions
requires the existence of neutralized or almost neutralized
macroions as precursors. In solutions with monovalent coun-
terions the formation of these neutralized precursors is highly
unlikely. These conclusions are in close agreement with the
results of a systematic study of a polyelectrolyte system with
point counterions performed by Linse and Resˇcˇicˇ.24,30 These
authors demonstrated that at high electrostatic coupling the
counterions accumulate near the macroions and partially neu-
tralize them. In view of our results presented above, this is a
necessary condition for a macroion cluster formation. The
parameters that control the electrostatic coupling are (i) the
charge on macroions, (ii) dielectric permittivity (or/and tem-
perature), and (iii) the counterion charge. Linse and Resˇcˇicˇ24,30
demonstrated that the system separates into two phases of
different electrolyte concentration by increasing either the
macroion or counterion charge and/or by decreasing the
dielectric permittivity. Note that all three conditions (i-iii) yield
a high accumulation of counterions near macroions; however,
an increase of the counterion charge seems to be most effective
in this process and consequently also in cluster formation.
After this paper was ready for submission, an important article
of Jardat et al.32 became available to us. These authors applied
the Brownian dynamics (BD) simulation method to study
aqueous solutions of -10:+1, -10:+2, and -20:+2 electrolytes
with an asymmetry in size 2:15. The systems with these
parameters were previously studied by the Monte Carlo method
TABLE 2: Self-Diffusion Coefficients Di (cm2 s-1)
0.001 mol/dm3 0.005 mol/dm3
12:1 12:3 12:1 12:3
macroion (Dm) 0.0039 0.0360 0.0017 0.0070
counterion (Dc) 0.0455 0.0320 0.0097 0.0067
ratio Dm/Dc 0.09 1.13 0.18 1.05
TABLE 3: Residence Times (ps) As Defined in the Text for
the Simulations of Macroions with Charge -12e at cm )
0.005 mol/dm3
counterion valency ôc ôfree ôcluster
+1 43 332 3
+2 95 58 9
+3 98 45 45
m
12- + 4c3+ h mc4
0 K1 (2)
m
12- + 3c3+ h mc3
3- K′1 (3)
mc4 + mc3
3- h m2c7
3- K2 (4)
mc4 + mc4 h m2c8
0 K2′ (5)
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and various integral equation techniques.36,37 The BD results
for the excess internal energy and pressure agree very well with
the previously obtained MC data.36,37 Jardat et al. performed a
somewhat similar analysis of the counterion-macroion associa-
tion as given in this paper. They found that the average number
of counterions “condensed on macroions” at distances lower
than the minimum of the macroion-macroion pdf increases with
increasing electrolyte concentration, an observation analogous
to ours. Some other conclusions arrived at in the BD study32
are also consistent with our results. In particular they calculated
the self-diffusion coefficients (actually D/D°, where D° is the
value at infinite dilution) of both ionic species as a function of
the electrolyte concentration. Using their data, we calculated
the ratio of the diffusion coefficients of macroions and coun-
terions, Dm/Dc. Their result for a -10:+1 electrolyte at cm )
0.004 98 mol/dm3 is Dm/Dc ) 0.091, while our calculation for
a -12:+1 solution at cm ) 0.005 mol/dm3 (cf Table 2) gives
Dm/Dc ) 0.18. Unfortunately, Jardat et al.32 do not provide any
data for solutions with trivalent counterions. In conclusion, the
molecular dynamics calculation of highly asymmetric electrolyte
solutions presented here yields results consistent with recent
Monte Carlo19,30 and Brownian dynamics studies.32
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